The present paper presents the numerical results of a finite-element analysis of the role of a linear buckling phenomena in the etiology of idiopathic scoliosis. In a previous study, we assumed that idiopathic scoliosis is a buckling phenomenon induced by the growth of vertebral bodies, and we used the finite-element method with a spine model to demonstrate the results of linear buckling. However, a program based on the theory of nonlinear buckling did not produce clear buckling modes that were similar to the observed clinical modes. In this study, we return to the starting point and use rather simple models to confirm the existence of a buckling phenomenon that has various geometrical properties. We assumed that the growth of the vertebral bodies can be modeled by the generation of a non-elastic bulk strain. We use the finite-element method to analyze linear buckling modes caused by the growth deformation, and we confirm the existence of the buckling phenomena and clarify the range of the geometrical parameters in which this buckling occurs. By a comparison of different models, we investigate the influence of the region of the buckling phenomena on the physiological curvature of the spine and the intervertebral articulation. Our results support Dickson's hypothesis that a flattening or reversal of normal thoracic kyphosis at the apex of the curvature of the spine causes the buckling phenomenon.
Introduction
It is known that about 80% of all cases of scoliosis are idiopathic. Despite many studies, the cause of idiopathic scoliosis is still unknown. The features of idiopathic scoliosis comprise spinal irregularity with lateral curvatures, together with rotation without any marked abnormality of the vertebrae or associated musculoskeletal condition. Since almost all cases of the disorder appear during adolescence, particularity during growth spurts, growth has been recognized as a key factor in the pathogenesis of idiopathic scoliosis.
Intensive research is ongoing throughout the world, and many possible causal factors and theories have been evaluated. Genetic factors are considered to play an important part in causing idiopathic scoliosis, but the genes involved have not been identified (Lowe et al., 2000) . In terms of physiological factors, no mechanism associated with bending has been proven to have a correlation with melatonin (Machida et al., 1995 (Machida et al., , 1996 .
The function of the spine is to support the structure of the body, and thus mechanical phenomena can be considered to be the cause of the spine being bent. In order to predict the natural history of this condition in a patient and to estimate the effects of treatment, the mechanical aspects of the etiology are more important than any genetic or physiological factors.
A large number of hypotheses and physical models have been proposed for the pathogenesis of idiopathic scoliosis (Roaf, 1977; Japanese Scoliosis Society et al., 2013) . From the point of view of the mechanics of the spine, we can classify these concepts as follows: the growth itself is asymmetrical, or (the buckling hypothesis) the buckling is induced by symmetrical growth of the vertebral bodies (Azegami et al., 1998; Takeuchi et al., 1999 Takeuchi et al., , 2001 .
For the buckling hypothesis, the authors reviewed the literature and investigated the buckling phenomenon induced by the growth of vertebral bodies. Dickson et al. (Dickson et al., 1984) presented an important observation of a flattening (Takeuchi et al., 1999) of the thoracic spine during a growth spurt. They identified the trigger of the rotational instability as a median plane asymmetry, that is, the flattening or reversal of normal thoracic kyphosis at the apex of the curvature, and they declared this instability to be a buckling phenomenon. Based on Dickson's hypothesis, the authors used the linear buckling theory to analyze the buckling phenomenon induced by the growth of vertebral bodies using finite-element models of the spine. Using a commercial program (MSC.Nastran 7.0), we obtained the fourth and sixth buckling modes, which are similar to the clinical single-and doublemajor curves, respectively (Takeuchi et al., 2001) . Figure 1 shows the result of the fourth buckling mode induced by the growth of vertebral bodies from T4 to T10 and a radiograph of a similar case.
However, when using a program based on nonlinear buckling theory, we were unable to obtain clear buckling modes that were similar to the clinical modes (Aoyama et al., 2008) . After this investigation, we reanalyzed the linear buckling modes using another commercial program, and we found that this program does not identify any buckling phenomena.
This led us to wonder whether the buckling phenomenon actually existed, and so, as presented here, we returned to the starting point. We used three types of simple model having different properties to confirm the existence of the buckling phenomenon and we then clarified the range in which the buckling phenomena occur. The reason why we use the simple models is to show clearly the buckling mechanism induced by the growth of vertebral bodies without depending on software. We compare the results of the three models in order to evaluate the reliability of Dickson's hypothesis.
Growth deformation problem
In the present paper, we return to the starting point. Because we could not find a suitable review in the literature for the theory of buckling induced by the generation of non-elastic bulk strain, we present such a review here. In the present paper, the symbol R is used as the set of real numbers. We denote a three dimensional vector as x = (x i ) i ∈ R 3 , and a tensol as E = (
A function f having value of R defined on R 3 is denoted as f : R 3 → R, and
Let Ω be a three-dimensional domain of a spine, from the sacrum to the second cervical vertebra. We assume that the spine is an elastic body fixed on a boundary Γ D , which corresponds to the boundary of the sacrum. Moreover, let (0, t T ) be a time domain with some terminal time t T . The non-elastic bulk strain is defined as follows. Let p : Ω → R be a function for the growth pattern, and let λ : (0, t T ) → R be a function for the magnitude of the growth over time. In previous studies (Takeuchi et al., 2001; Aoyama et al., 2008) , the function p took the value of 1 at the epiphyseal growth plates and 0 elsewhere. Using p (x) and λ (t), we assume that the non-elastic bulk strain denoting the growth is given by
where I is the identity matrix of the third order. Moreover, we assume that λ (t) is a monotonically increasing function of t, and we denote E G (t, x) by E G (λ).
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The buckling theory is obtained from the large-deformation theory. Let us briefly review the large-deformation theory. Consider a point x = (x i ) i ∈ Ω that moves to y (t,
where i denotes the identity mapping. We define the deformation gradient tensor as
Using F (u), the Green-Lagrange strain is defined as
where
denote the linear stain and the bilinear part of the Green-Lagrange strain, respectively. Moreover, denoting the stiffness by C : Ω → R 3×3×3×3 , the second Piola-Kirchhoff stress and the linear stress are defined, respectively, as
Using E (u) and S (u, λ), the potential energy induced by E G (λ) without any external force is defined by
for u ∈ U, where a (S, E) is a bilinear form with respect to S and E defined as
and U is the set of displacements satisfying u = 0 R 3 on Γ D . Although we are discussing a nonlinear problem, the bilinearlity of a(S, E) with respect to S and E is maintained. From the principle of the minimum potential energy, the displacement u ∈ U with respect to the growth strain E G (λ) is determined by
for all u ∈ U, where π (u) [u] denotes the derivative of π (u) with respect to an arbitrary variation u of u, and
Moreover, if the terms of E B can be neglected by assuming that u and u are small, we have the weak form of the linear deformation problem as
for all u ∈ U.
Buckling problem
Buckling is known as a bifurcation phenomenon in the solution to the equations of static equilibrium (Kawai and Fujitani, 2013) . Under the equilibrium condition of π (u) [u] = 0 for all u ∈ U, a buckling phenomenon occurs when there exists u 2 ∈ U such that
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In Eq. (14), u and u 2 are called, respectively, the critical displacement and the eigenmode of the buckling phenomenon. Substituting in Eq. (15), Eq. (16), and Eq. (17), Eq. (14) can be rewritten as
Here, let u 0 , a solution of the equilibrium condition of π (u 0 ) [u] = 0 for all u ∈ U at a given λ 0 = λ (t 0 ), be the initial growth rate, and let u = ζu 0 and u 2 be the solution of Eq. (18) for all u 1 ∈ U. In this case, u 0 and ζ are called, respectively, the initial displacement and the buckling coefficient. Using the above definitions, Eq. (18) can be rewritten in the neighborhood of ζ = 1 as
Equation (19) for all u 1 ∈ U is called the weak form of the nonlinear buckling problem. Moreover, if we can neglect the terms of E B without E B (u 2 , u 1 ) on the right-hand side of Eq. (19), we have the weak form of the linear buckling problem as
for all u 1 ∈ U. In this weak form, we can use an arbitrary value for λ 0 because the linearity of
holds for Eq. (20).
Finite-element analyses
Using the weak form of the linear buckling problem, an eigenvalue problem for the buckling phenomenon can obtained by using the finite-element method. Following the standard procedure, we define approximate functions for u 0 , u 1 , and u 2 as
respectively, where N denotes the set of all node numbers, N D ⊂ N denotes the set of node numbers on Γ D , and N N denotes N \ N D . Here, we callū 0 ,ū 1 , andū 2 the node vectors, and φ the basis functions. The finite-element equation of the growth deformation problem for λ 0 can be obtained as follows. Using Eq. (22) and Eq. (23) for u and u, respectively, Eq. (13) can be rewritten as 
for allū 1N . Rearranging Eq. (28), we haveK
SinceK NN is a real symmetric and positive-definite matrix,ū 0N can be computed. (26) and
respectively. Substituting the Dirichlet condition on Γ D , the approximate weak form of the linear buckling problem can be written as
for allū 1N . Rearranging Eq. (32), we haveK
SinceK NN andḠ NN are real symmetric matrices, Eq. (33) becomes a real eigenvalue problem for the eigenvalue −ζ and eigenvectorū 2N .
Finite-element models of the spine
Based on the formulations of the problem and numerical solutions of the finite-element method, we analyzed the linear buckling phenomena using the results of growth deformations predicted by simple spine models. We used the three columnar models shown in Fig. 2 . All of the models have the same height h = 500 mm and depth d = 50 mm, which are appropriate values for an actual human spine. The front width w F , back width w B , and depth of the growth domain g were chosen as the variables. Young's modulus was assumed to be 8 [MPa] , and Poisson's ratio was assumed to be 0.3. These values were determined so that the sideways bending deformations of the finite-element models were of the same order as those found in the experimental results of Lucas et al. (1961) . About 6,500 second-order tetrahedral elements were used for each model.
For the boundary conditions, we assigned a fixed boundary Γ D at the sacrum, which was at the base of the deformation. The growth pattern p was assumed to take the value of 1 in the areas shown in red in Fig. 2 , and the value 0 elsewhere. The value of 0.1 was used for the initial growth rate λ 0 . For the finite-element analyses, we used the commercial software packages RADIOSS 11.0 (Altair Engineering, Inc.) and Abaqus 6.12 Student Edition (Abaqus, Inc.); the results obtained by these two packages were almost the same. The results shown in the following section are those obtained by RADIOSS 11.0. Figure 3 shows the results of the numbers of the buckling modes in w F -w B space for each of the three models, when g = 10 mm. In the present study, the number of buckling modes is used as an index of the reliability of existence of the buckling phenomena. If the buckling phenomena exist stably, based on the similarity with the Euler buckling, we have the many buckling modes depending on the degree of freedom of the finite-element model. The numbers in circles indicate where there were more than ten buckling modes. The numbers in the triangles indicate where there were from one to ten buckling modes. Crosses indicate that there are no buckling phenomenon for this choice of (w F , w B ).
Results of buckling analyses
From those results, we see the buckling modes are stable when (w F , w B ) = (16 mm, 16 mm). Figure 4 shows the shape of the buckling modes for Model 1 at (w F , w B ) = (16 mm, 16 mm). Figure 5 shows the dependency of the depth g on the buckling coefficient ζ for Models 1 and 2 at (w F , w B ) = (16 mm, 16 mm).
Discussion
From the results shown in Fig. 3 , it is confirmed that there are boundaries between the domain in which buckling occurs and the domain in which it does not. Moreover, the area in which buckling occurs for Model 1 is larger than it is for Model 2, and this supports Dickson's hypothesis, namely, that flattening of spine increases the likelihood of buckling. The area in which buckling occurs for Model 3 is larger than it is for Model 1, and this means that when the structure of a spine has holes in the rear part, buckling can more easily take place. From the results shown in Fig. 5 , we see that, for all three models, buckling is most likely when the growth depth g is around 10 mm. If the growth depth is small, the total amount of growth is small in the initial growth deformation. Increasing of growth depth from 0 mm to some amount brings the increase of the total amount of growth. Then, it is considered that the buckling coefficient decreases in the range of small growth depth. On the other hand, in the range of large growth depth, since the growth deformation becomes dominant, it is considered that the likelihood of the buckling phenomena decreases. From these considerations, there exists the minimum point of the growth depth when buckling occurs most easily. In the case of the three models used in the present study, the minimum point was around 10 mm. This result supports the previous work (Takeuchi et al., 2002) , in which we showed that the growth of the frontal parts of the vertebral bodies generates the buckling phenomena most easily. 
Conclusion
In this paper, we used linear buckling theory to investigate the buckling induced by the growth of vertebral bodies; to do so, we used the finite-element method and two commercial software packages to investigate three simplified spine models. From our results, we confirmed the existence of the buckling phenomena, and we clarified the range of geometrical parameters in which the buckling occurs. By the comparison of the ranges between the three models, we obtained the following results. (1) The growth of the frontal parts of spine in depth around 10 mm from the frontal plain causes the buckling phenomena most easily. (2) The model with physiological curvature enlarges the buckling area than the strait model. (3) The structure having holes in the rear part also enlarges the buckling area. These results support the hypothesis of Dickson. Analyses using spine models to consider geometrical nonlinearity remain as an area of future work.
